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Abstract
It has been suggested that higher-derivative gravity theories coupled to a scalar field with
shift symmetry may be an important candidate for a quantum gravity. We show that this class
of gravity theories are renormalizable in D = 3 and 4 dimensions.
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1 Introduction
It is one of the long standing problems in theoretical physics to construct quantum theory of
gravity. It has been known for some time that gravity is renormalizable in four dimensions if
one includes higher derivative terms [1]. However, the unitarity of the theory, which is one the
most important properties of any physical theory, is not preserved. So the theory has not been
taken very seriously. The compatibility of unitarity and renormalizability has also been studied
in [2] for three-dimensional theory which could be unitary for judicious choice of parameters. It
turned out that the unitarity and the renormalizability are incompatible.
Recently a very interesting suggestion has been made that the time may be an emergent
notion [3]. The idea starts with four-derivative theory of gravity coupled to a scalar field with
shift symmetry with Euclidean signature. The quadratic terms of the scalar field also have four
derivatives, so that its scaling dimension is zero. It was assumed that the theory is renormaliz-
able, but the low-energy effective theory is described by the Einstein theory together with the
four-derivative scalar theory. It was then shown that this low-energy effective theory is equiva-
lently described by a Lorentzian action. In this way it was suggested that the low-energy theory
becomes Lorentzian but the theory at the short distance is described by a Riemannian (locally
Euclidean) theory without the notion of time. If true, this may be a resolution of the ghost
problem in the above renormalizable theory of gravity.
It is necessary to consider such higher derivative terms in gravity since the string theory,
the possible candidate of quantum gravity, predicts that such terms do exist. Given this fact,
we should also take higher derivatives on scalar fields into account if we further consider scalar
fields, and naturally we are led to the class of theories we consider.
There are several points that have to be confirmed for the above scenario to work. The
obvious and first problem is to explicitly check whether such a theory is really renormalizable or
not. Though the above quadratic gravity is shown to be renormalizable even in the presence of a
minimal scalar field, i.e. with only the usual kinetic term with second derivative for the scalar [1],
it has to be checked if the theory remains renormalizable with additional higher derivative terms.
One may think that it is obvious when higher derivative kinetic terms are introduced because
they improve the convergence of Feynmann diagrams. However it is not so because such terms
also introduce higher derivative interactions in the presence of gravity.
More importantly, if the renormalizability is proved, it has to be seen whether the theory
with these higher derivative terms reduces to desirable low-energy effective theory with the above
property. For this purpose, one has to study the renormalization group and examine the UV and
IR fixed points. For such discussions for higher derivative gravity, see [4, 5, 6, 7, 8, 9, 10, 11].
This would be next step.
In this paper we take the first step in this direction and examine the renormalization property
of the theories. There is not much difference between the theories defined for Lorentzian and
Euclidean signature in our perturbative approach. We can simply derive propagators and discuss
power counting and so on, as usual. We examine whether the theories in D = 3, 4 and 5
dimensions are power counting renormalizable or not, and show that these theories are super-
renormalizable, renormalizable and one-loop renormalizable, respectively, in these dimensions.
Beyond five dimensions, the theory is not renormalizable.
There are several reasons why we consider not only D = 4 dimensions but also D = 3 and
5 dimensions. First of all, the gravity theories do not have any dynamics in three-dimensional
Einstein theory, but acquire interesting dynamics when higher-derivative terms are added. They
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are simple but interesting enough since they can be unitary [12, 13, 14, 15, 16]. On the other
hand, higher-dimensional gravities are important since string theories live in higher dimensions
and there are several interesting subjects explored in the context of extra dimensions. Gravity
theories in more than five dimensions cannot be renormalizable in the usual perturbative ap-
proach around the flat Minkowski space even if we add further higher order curvature terms. So
these are the dimensions we are most interested in.
2 Higher Derivative Gravity
Let us consider the action of higher derivative gravity coupled to a scalar field φ with shift
symmetry φ → φ + constant. We demand that the theory respect the Z2 symmetry under
φ → −φ as well as the four-dimensional parity xµ → −xµ, and contain terms with only up to
four derivatives. The action takes the form [3]
S =
∫
dDx
√−g
[ 1
κ2
(
R+ αR2 + βR2µν + γR
2
µνρλ
)
+ Z0(∇µφ)2 + Z1R(∇µφ)2
+ Z2R
µν∇µφ∇νφ+ Z3(gµν∇µφ∇νφ)2 + Z4(✷φ)2 + Z5(∇µ∇νφ)2
]
=
∫
dDx LGMG+φ, (1)
where κ2 is the D-dimensional gravitational constant, α, β, γ and Zi’s (i = 0, . . . , 5) are con-
stants. The last term can be set to zero because it can be absorbed into other terms upon partial
integration. Henceforth we set Z5 = 0.
This is the theory that we examine. Though we should consider the theory in Riemannian
geometry with Euclidean signature, there is not much difference if we discuss Lorentzian case in
our discussions of renormalization. So in what follows, we discuss this as if the spacetime is the
usual Minkowski space. Also, we have written down the above action only for a single scalar
field for simplicity, but it is straightforward to extend the theory with several scalar fields.
2.1 Propagator
We define the fluctuation around the Minkowski background by
g˜µν ≡ √−g gµν = ηµν + κhµν . (2)
For simplicity, we set κ = 1. Substituting (2) into our action (1), we find the quadratic term is
given by
L2 = 1
4
hµν
[
{(β + 4γ)✷+ 1}P (2) + {(D − 1)(4α + β) + β + 4γ}✷− (D − 2)
(D − 2)2 {P
(0,s)
+(D − 1)P (0,w) +√D − 1(P (0,sw) + P (0,ws))}
]
µν,ρσ
✷hρσ + φ(Z4✷+ Z0)✷φ, (3)
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where we have defined the projection operators as
P (2)µν,ρσ =
1
2
(
θµρθνσ + θµσθνρ − 2
D − 1θµνθρσ
)
,
P (1)µν,ρσ =
1
2
(θµρωνσ + θµσωνρ + θνρωµσ + θνσωµρ),
P (0,s)µν,ρσ =
1
D − 1θµνθρσ, P
(0,w)
µν,ρσ = ωµνωρσ,
P (0,sw)µν,ρσ =
1√
D − 1θµνωρσ, P
(0,ws)
µν,ρσ =
1√
D − 1ωµνθρσ, (4)
with
θµν = ηµν − ∂µ∂ν
✷
, ωµν =
∂µ∂ν
✷
. (5)
P (2), P (1), P (0,s) and P (0,w) are the projection operators onto spin 2, 1 and 0 parts, and they
satisfy the completeness relation
(P (2) + P (1) + P (0,s) + P (0,w))µν,ρσ =
1
2
(ηµρηνσ + ηµσηνσ), (6)
on the symmetric second-rank tensors. Note that γ can be eliminated by the shift α → α − γ
and β → β − 4γ. (We see that this is true for any dimension in this order, but is valid only for
D = 3 and 4 at the nonlinear level.) However we keep γ here since γ is expected to be relevant
in dimensions higher than 4.
The BRST transformation for the fields is found to be
δBgµν = −δλ[gρν∂µcρ + gρµ∂νcρ + ∂ρgµνcρ],
δBc
µ = −δλcρ∂ρcµ,
δB c¯µ = iδλBµ,
δBBµ = 0,
δBφ = −δλcρ∂ρφ, (7)
which is nilpotent. Here δλ is an anticommuting parameter. We use the same gauge fixing as
[1] using g˜µν , whose BRST transformation is given by
δB g˜
µν = δλ(g˜µρ∂ρc
ν + g˜νρ∂ρc
µ − g˜µν∂ρcρ − ∂ρg˜µνcρ) ≡ δλDµνρcρ. (8)
The gauge fixing term and Faddeev-Popov (FP) ghost terms are concisely written as
LGF+FP = iδB [c¯µ(∂νhµν − a
2
Bµ)]/δλ
= −Bµ∂νhµν − ic¯µ∂νDµνρcρ + a
2
BµB
µ, (9)
where a is a gauge parameter and the indices are raised and lowered with the flat metric.
The simplest way to read off the propagator for the graviton is to first eliminate the auxiliary
field Bµ and look at the quadratic part. We find that it is given by
L2,t = 1
4
hµν
[
{(β + 4γ)✷+ 1}P (2) + 1
a
P (1) +
{4(D − 1)α+Dβ + 4γ}✷− (D − 2)
(D − 2)2
{
P (0,s)
+(D − 1)P (0,w) +
√
D − 1
(
P (0,sw) + P (0,ws)
)}
+
2
a
P (0,w)
]
µν,ρσ
✷hρσ (10)
4
Using the completeness property (6) and the orthogonality of the projection operators, we find
the propagators are given by
Dhµν,ρσ(k) =
4
(2π)D
[ P (2)
k2{(β + 4γ)k2 − 1} +
(D − 2)2P (0,s)
k2[{4(D − 1)α +Dβ + 4γ}k2 +D − 2]
− a
2k2
{
2P (1) + (D − 1)P (0,s) + P (0,w) −√D − 1
(
P (0,sw) + P (0,ws)
)} ]
µν,ρσ
,(11)
Dφ(k) =
1
(2π)D
1
k2(Z4k2 + Z0)
. (12)
We shall take the Landau gauge given by a = 0. Since the theory is invariant under the
general coordinate transformation, this does not cause any problem, but simplifies the discussions
considerably [1, 2]. In this gauge, we have
∂µh
µν = 0. (13)
Note that the above propagator satisfies kµDhµν,ρσ(k) = 0 in this gauge. Also, these propagators
damp as k−4 for large momentum. The ghost propagator damps as k−2, but there is special
property in this case. As a result, as we argue later, the theory becomes renormalizable.
2.2 Slavnov-Taylor identity
If we introduce the Grassmann-odd source Kµν and M, and the Grassmann-even source Lµ, we
have the BRST-invariant action
Isym[hµν , c¯α, c
β ,Kµν , Lρ,M ]
=
∫
dDx[LGMG+φ + LGF+FP +KµνDµνρcρ − Lµcν∂νcµ −Mcρ∂ρφ]
≡
∫
dDx Lsym. (14)
The BRST invariance follows from (7), (9) and the nilpotency of the BRST transformation.
The generating functional of Green’s functions is given by
Z[Jµν , η¯α, η
β , N,Kµν , Lρ,M ]
=
∫
[dh][dφ][dc¯][dc] exp
(
i
∫
dDx[Lsym + Jµνhµν +Nφ+ η¯αcα + c¯αηα]
)
≡ exp
(
iW [Jµν , η¯α, η
β ,Kµν , Lρ,M ]
)
, (15)
where Jµν and N (η¯α and η
α) are Grassmann-even (Grassmann-odd) sources, respectively. The
BRST invariance of the functional (15)
0 =
∫
[dh][dφ][dc¯][dc]δB exp
(
i
∫
dDx[Lsym + Jµνhµν +Nφ+ η¯αcα + c¯αηα]
)
, (16)
implies that 〈∫
dDx
[
JµνDµνρcρ −Ncρ∂ρφ+ η¯µcν∂νcµ + i1
a
ηµ∂νh
µν
]〉
= 0, (17)
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where the field Bµ is eliminated by its field equation. This yields the Slavnov-Taylor identity∫
dDx
[
Jµν
δW
δKµν
+N
δW
δM
− η¯µ δW
δLµ
+
i
a
ηµ∂ν
δW
δJµν
]
= 0. (18)
The equations of motion for the FP ghost is
∂ν
δW
δKµν
+ iηµ = 0. (19)
As usual, the effective action is defined by
Γ˜[hµν , φ, c¯α, c
β ,Kµν , Lρ,M ]
≡ W [Jµν , η¯α, ηβ ,Kµν , Lρ,M ]−
∫
dDx [Jµνh
µν +Nφ+ η¯αc
α + c¯αη
α] . (20)
It follows from (15) that
hµν =
δW
δJµν
, φ =
δW
δN
, cµ =
δW
δη¯µ
, c¯µ = −δW
δηµ
. (21)
The relations dual to these are
Jµν = − δΓ˜
δhµν
, N = −δΓ˜
δφ
, η¯α =
δΓ˜
δcα
, ηα = − δΓ˜
δc¯α
. (22)
We further define
Γ = Γ˜ +
∫
dDx
1
2a
(∂νh
µν)2. (23)
With the help of the relations
δΓ
δKµν
=
δW
δKµν
,
δΓ
δM
=
δW
δM
,
δΓ
δLµ
=
δW
δLµ
, (24)
and the ghost field equation
∂ν
δΓ
δKµν
− i δΓ
δc¯µ
= 0, (25)
the Slavnov-Taylor identity reduces to∫
dDx
[
δΓ
δhµν
δΓ
δKµν
+
δΓ
δcµ
δΓ
δLµ
+
δΓ
δφ
δΓ
δM
]
= 0, (26)
The n-loop part of the effective action is denoted by Γ(n). The effective action is a sum of
these terms:
Γ =
∞∑
n=0
Γ(n). (27)
Suppose that we have successfully renormalized the effective action up to (n − 1)-loop order.
Write
Γ(n) = Γ
(n)
finite + Γ
(n)
div. (28)
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If we insert this breakup into Eq. (26) and keep only the terms which are of n-loop order, we
get
∫
dDx
[
δΓ
(n)
div
δhµν
δΓ(0)
δKµν
+
δΓ(0)
δhµν
δΓ
(n)
div
δKµν
+
δΓ
(n)
div
δcµ
δΓ(0)
δLµ
+
δΓ(0)
δcµ
δΓ
(n)
div
δLµ
+
δΓ
(n)
div
δφ
δΓ(0)
δM
+
δΓ(0)
δφ
δΓ
(n)
div
δM
]
= −
∫
dDx
n∑
i=0
[
δΓ
(n−i)
finite
δhµν
δΓ
(i)
finite
δKµν
+
δΓ
(n−i)
finite
δcρ
δΓ
(i)
finite
δLρ
+
δΓ
(n−i)
finite
δφ
δΓ
(i)
finite
δM
]
. (29)
Since each term on the right-hand side of (29) remains finite as ǫ → 0 in the dimensional
regularization, while each term on the left-hand side contains a factor with a pole in ǫ, each side
of the equation must vanish separately. This leads to
∫
dDx
[
δΓ(0)
δKµν
δ
δhµν
+
δΓ(0)
δhµν
δ
δKµν
+
δΓ(0)
δLλ
δ
δcλ
+
δΓ(0)
δcλ
δ
δLλ
+
δΓ(0)
δφ
δ
δM
+
δΓ(0)
δM
δ
δφ
]
Γ
(n)
div = 0.(30)
This identity will be used in later discussions of renormalizability.
2.3 Renormalizability
Under the expansion (2), the Einstein term gives graviton vertices with two derivatives, and
curvature square terms give those with four derivatives. Compared with the theory without
scalar [2], we also have scalar vertices with four derivatives as well as scalar-graviton vertices
with two and four derivatives.
Consider arbitrary Feynmann diagrams. We use the following notations.
Vh,2: the number of graviton vertices with two derivatives from the R term.
Vh,4: the number of graviton vertices with four derivatives from the R
2 term.
Vs,4: the number of scalar vertices with four derivatives.
Vhs,2: the number of graviton-scalar vertices with two derivatives.
Vhs,4: the number of graviton-scalar vertices with four derivatives.
Vc: the number of ghost-antighost-graviton vertices with two derivatives.
VK : the number of K-graviton-ghost vertices.
VL: the number of L-ghost-ghost vertices.
VM : the number of M -graviton-ghost vertices.
Ih: the number of internal-graviton propagators.
Is: the number of internal-scalar propagators.
Ic: the number of internal-ghost propagators.
Eh: the number of external gravitons.
Ec: the number of external ghosts.
Since the graviton and scalar propagators behaves as k−4 and the FP ghost propagator as
k−2, we are led by the standard power counting to the degree of divergence of an arbitrary
diagram:
Ddiv = DL− 4Ih − 4Is − 2Ic + 4Vh,4 + 2Vh,2 + 4Vs,4 + 4Vhs,4 + 2Vhs,2
+2Vc + VK + VL + VM . (31)
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Using the relation
L = Ih + Ic + Is − (Vh,4 + Vh,2 + Vs,4 + Vhs,4 + Vhs,2 + Vc + VK + VL + VM − 1), (32)
we get
Ddiv = D + (D − 4)(Ih + Is − Vh,4 − Vs,4 − Vhs,4) + (D − 2)(Ic − Vh,2 − Vhs,2 − Vc)
−(D − 1)(VK + VL + VM ). (33)
We further use the topological relation
2Vc + VK + 2VL + VM = 2Ic + Ec + Ec¯, (34)
to obtain
Ddiv = D − (4−D)(Ih + Is − Vh,4 − Vs,4 − Vhs,4)− (D − 2)(Vh,2 + Vhs,2)
− D
2
(VK + VM )− VL − D − 2
2
(Ec +Ec¯). (35)
Now the ghost vertex contained in the FP ghost term in (9), upon partial integration, can be
rewritten as
i[∂ρ∂µc¯ν · cνhµρ + ∂µc¯ν · cν∂ρhµρ + ∂µc¯ν · cµ∂ρhνρ]. (36)
In the Landau gauge in which we have (13), the last two terms do not couple to the propagator.
Also integration by parts in the remaining term can be used to move the derivative onto the
ghost using the gauge condition:
i∂ρ∂µc¯ν · cνhµρ ≈ ic¯ν∂ρ∂µcνhµρ. (37)
As a result, in one-particle irreducible (1PI) diagrams, each external ghost and antighost carries
two factors of external momentum [1, 2]. The resulting degree of divergence of an arbitrary 1PI
diagram is then
D
(1PI)
div = D − (4−D)(Ih + Is − Vh,4 − Vs,4 − Vhs,4)− (D − 2)(Vh,2 + Vhs,2)
− D
2
(VK + VM )− VL − D + 2
2
(Ec +Ec¯). (38)
We note that Ih+ Is− Vh,4− Vs,4− Vhs,4 ≥ 0 for 1PI diagrams, so most of the contributions are
negative for D ≤ 4.
First, let us concentrate on D = 3. The resulting degree of divergence of an arbitrary 1PI
diagram is then
D
(1PI)
div = 3− (Ih + Is − Vh,4 − Vs,4 − Vhs,4)
−(Vh,2 + Vhs,2)− 3
2
(VK + VM )− VL − 5
2
(Ec + Ec¯). (39)
We find that the possible divergences are restricted; those with external ghosts and antighosts
have D(1PI) ≤ −2, those with the external K and ghost D(1PI) ≤ −1, those with L and two
ghosts have D(1PI) ≤ −3, and those with external M and ghost have D(1PI) ≤ −1. Hence, we
have
δΓ
(n)
div
δcλ
=
δΓ
(n)
div
δKµν
=
δΓ
(n)
div
δLλ
=
δΓ
(n)
div
δM
= 0. (40)
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The Slavnov-Taylor identity (30) then reduces to∫
d3x
[
δΓ(0)
δKµν
δ
δg˜µν
+
δΓ(0)
δM
δ
δφ
]
Γ
(n)
div = 0. (41)
Together with (40), this implies that Γ
(n)
div is gauge invariant. Consequently Γ
(n)
div are local gauge-
invariant functionals of g˜µν and φ with zero and two derivatives (up to three). This allows only
the counterterms of the Einstein and cosmological, and (∇µφ)2 terms. Terms like φ2 are not
allowed due to the shift symmetry. Clearly we have divergence at the lower-loop levels. The
convergence property improves as more vertices and internal lines are added, i.e. when we go
to higher-loop diagrams. Thus there are only finite numbers of divergent diagrams. Hence the
theory is super-renormalizable.
Next, let us consider D = 4. The degree of divergence of an arbitrary 1PI diagram is
D
(1PI)
div = 4− 2(Vh,2 + Vhs,2)− 2(VK + VM )− VL − 3(Ec + Ec¯). (42)
We find that the possible divergences are again restricted; those with external ghosts and
antighosts have D(1PI) ≤ −2, those with the external K and ghost D(1PI) ≤ −1, those with
L and two ghosts have D(1PI) ≤ −3, and those with external M and ghost have D(1PI) ≤ −1.
Hence, we have
δΓ
(n)
div
δcλ
=
δΓ
(n)
div
δKµν
=
δΓ
(n)
div
δLλ
=
δΓ
(n)
div
δM
= 0. (43)
The Slavnov-Taylor identity (30) then reduces to∫
d4x
[
δΓ(0)
δKµν
δ
δg˜µν
+
δΓ(0)
δM
δ
δφ
]
Γ
(n)
div = 0. (44)
Together with (43), this implies that Γ
(n)
div is gauge invariant. Therefore Γ
(n)
div are local gauge-
invariant functionals of g˜µν and φ with zero, two and four derivatives. This allows only the
counterterms that are the same as (1) (and cosmological constant). Thus the theory is renor-
malizable. In this case, we find that the divergence is not necessarily restricted to lower loops
since the number of vertices from higher-derivative terms and internal lines do not affect the
degree of divergence and hence there may be divergent diagrams involving these in higher loops.
In this sense, the theory is only renormalizable.
Finally we turn to D = 5. The degree of divergence of an arbitrary 1PI diagram is then
D
(1PI)
div = 5 + (Ih + Is − Vh,4 − Vs,4 − Vhs,4)− 3(Vh,2 + Vhs,2)
−5
2
(VK + VM )− VL − 7
2
(Ec +Ec¯). (45)
Diagrams are more divergent when we go to higher loops since Ih + Is − Vh,4 − Vs,4 − Vhs,4 > 0,
and the theory in D = 5 is not renormalizable. However, for the one-loop diagrams, the second
term vanishes and we have only the same divergences as for D = 4. The theory is renormalizable
at this level.
Beyond D = 5, we get more divergences, and the theory is not renormalizable. It is clear that
adding higher curvature terms does not help to improve renormalizability, because these do not
improve the behavior of propagators around Minkowski space but introduce higher derivative
vertices.
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3 Conclusions
In this paper we have studied whether higher derivative gravities coupled to a scalar field with
shift symmetry in D = 3, 4, 5 dimensions are renormalizable or not. We have shown that the
general theory is (super-)renormalizable in D = 3 and 4, and is not renormalizable in D = 5.
Theory in D = 5 is renormalizable in the one-loop calculations, because Ih + Is − Vh,4 − Vs,4 −
Vhs,4 = 0 for one-loop 1PI diagrams. We have noted that theories in further higher dimensions
are not renormalizable around Minkowski space even if more higher curvature terms are added.
So this analysis exhausts interesting cases in the perturbative approach.
Thus the first step described in the introduction is cleared. The next issue to be studied
is the renormalization group properties of these theories. In the four-dimensional case, we
expect that the coefficients of the terms in the action have Gaussian fixed point as well as other
nontrivial fixed point. The existence of the fixed points is named asymptotic safety, and the
Gaussian fixed point corresponds to asymptotic freedom. This has been checked for other type
of higher derivative theories [4] – [9], but it should be confirmed in our theory explicitly. On
the other hand, in the low energy, we expect that the higher derivative terms become irrelevant
and Einstein term has a finite fixed point. It would be interesting to explicitly check if the
theory reduces to the Einstein theory together with the four-derivative scalar theory which is
equivalently described by a Lorentzian action. We hope to report on this problem elsewhere.
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